I n the following memoir I propose to make an attempt at an enumeration of the invariants, covariants, and contravariants of a quaternary cubic, that is to say, of a homogeneous function of the third order in four variables, which geometrically repre sents a Surface of the third order. This memoir, then, will be in continuation of Mr. Cayley's memoirs on Quantics, wherein a similar analysis is very completely performed for binary quantics as far as the fifth order, and for ternary quantics as far as the third order.
In consequence of the great length of the formulae when the general equation is used, I work with Mr. Sylvester's canonical form
where the variables are connected by the relation x+y +;z +■u-\-v= 0 .
It will be found that the discussion of this form leads to some results resembling those obtained for binary quantics of the fifth order; the one quantic being canonically expressed as the sum of five third powers, the other as the sum of three fifth powers, Mr. Sylvester has calculated the Hessian of a cubic expressed in the form given above, but in order to obtain with facility new covariants, it is desirable that we should also be in possession of a contravariant. W e should then be able to substitute differ ential symbols for the contragredient variables, and should thus have an operatingsymbol by the help of which we could derive new covariants from those known already.
Let, then, a, /3, y, b, g be contragredient variables; let us suppose tha original function U is expressed in terms of four independent variables, we have got any contravariant in a, j3, y, &; and let us consider what this will become when the function U is expressed in terms of five variables connected by a linear relation. Now the contravariant in question expresses geometrically the condition that the plane ux + yz+ h i-fsv should possess a certain connexion with the surface repre by U. This plane, expressed in terms of four variables, is
and it is apparent that the contravariant in terms of five letters is derived from that expressed in terms of four letters, by substituting a -g, -y -s, -g respectively for a, (3, 7, o. Every contravariant, then, in five letters will be a function of the differences, between cc, j3, It is equally easy to show that in a covariant we may substitute for x, , 3, ,
Let us commence by applying these principles to calculate the discriminant and reciprocant of a quaternary quadric when expressed in the form
These functions are known when the quadric is expressed in the general form
The reciprocant (which is also called the bordered Hessian, since it is obtained by bor dering with contragrcdient variables the determinant which expresses the Hessian) is- {bcd-\-{bc^rcd-\-db)e} 
If the given quadric had been given as a function in its most general form of five variables connected by the relation
its discrimina by taking the bordered Hessian of the quadric (the variables being considered as inde pendent), and then writing a = |3 = y = & = s = l. And in general it is evident that any invariant of a function of n variables connected by the relation ccx + y z +^+ g^+ & c .= 0, is a contravariant of the same form considered as a function of n independent variables, a, {3, y, &c. being the contragredient variables.
The reciprocant and discriminant are the only functions concomitant to a quadric. Let us proceed, then, to the quaternary cubic
Its Hessian is the discriminant of any polar quadric, axx12 byy'2+ czz^-f 2 therefore, by No. 1 bis, is immediately, as Mr. Sylvester has also proved,
We also get immediately from No. 2 bis a mixed concomitant, viz. the bordered Hes sian, which may be written 2cdezuv (u-(3) 2
If in this last we Substitute differentials for a, j@ , &c. and operate on U, we get the Hessian. If we operate on the Hessian, we get a covariant of the fifth order, to which I shall afterwards refer as <E >, d>= abcde2abx
The reciprocant of the given quantic being, as is known, of the form 64S3= T 2, pre sents us with two other contravariants, S and T, the consideration of which is very fertile in results. If the quantic were to reduce itself to the form ax*+ by* -j-cz3 + 3, it is easy to see that the reciprocant reduces to
From this, then, we can readily anticipate the form of S in the general case, which, how ever, I have verified independently. It is of the fourth order in the variables and in the letters, and is S = 2 a b c d ( a -s)(f3---s ) ; that is to say,
deab(y-cc)(y-f3)(y-d)(y-e)-{-eabc(d-ce)(d-(3)(d--y)(h--\-abcd(s-a)(g-(3)(g -y)(s-£).
From this we can derive several other concomitant functions. For instance, operating on this with U, we expect to get a contravariant of the first degree in the variables, and the fifth in the coefficients, but this will be found to vanish identically. Operating with S on the Hessian, we get the simplest invariant of the cubic, to which I shall refer as
Symbolically A is (1235)(1246X1347)(2348)(5678)2. Again operating with S on U2, we get the simplest covariant quadric which is of the sixth order in the coefficients, and is abcde{ ax2+ by2 + 2 + did+ ex2). (1234)(1235)(1456)(2456). Again operating with this on S, we get a contravariant quadric of the tenth order in the coefficients; and again operating with this last on U, we obtain a covariant of the first order in the variables and the eleventh in the coefficients. But it being sufficiently obvious that new invariants, covariants, and contra variants can be formed libitum by the process already explained of combining a covariant and contravariant already found, I consider it needless to enter into further detail as to the steps by which particular covariants arc obtained, and proceed to form into tables the most important results.
Symbolically this covariant is expressed
I write, for brevity,
abcde=t.
I commence with the invariants of the cubic, which appear to be all reducible to the five following fundamental invariants of the 8th, 16th, 24th, 32nd, and 40th orders respectively:-A = s 2-4 B = t 3 j).
Whence also C2-AE -4
Since any invariant must be a symmetric function of , , <?, , , it can be expressed in terms of j j , q, r, s, t, and therefore in terms of A, B, C, D, E precisely as in the case of binary quintics, skew invariants which cannot be expressed rationally in terms of the five fundamental invariants, but whose squares can be expressed as rational functions of these quantities. The simplest invariant of this kind is of the hundredth degree in the coefficients, and for the canonical form is 18 multiplied by the product of all the differences between any two of the quantities , , <?, , e. The following is the expression for the square of this invariant F in terms of the simpler invariants:-256F2 = 800000 E5+240000 E4D A -640000 E4C B + 36000 E4CA2-128000 E4B2A + 3000 E4BA3-27 E4A5+576000 ET)2B +13200 E3D2A2+272000 ET3C2 +131200 E3DCBA+2520 E3DCA3-409600 E3DB3+ 8960 E3DB2A2-7 2 E3DBA4 + 30400 E3C3A + 115200 E3C2B2+ 5520 E3C2BA2+ 1 0 8 E 3C2A 4-10240 E3CB3A -96 E3CB2A3+65536 E3B5-2048 E3B4A2+ 1 6 E3B3A4-230400 E2D3C + 40960 E2D3AB-64 E21)3A3-62240 E2D2C2A +261120 E2D2CB2 +5696 E2D2CBA2-90240 E2DC3B -9 2 1 6 E2D2B3A + 1 6 E2D2B2A3-5 2 5 6 E2DC3A5 MDCCCLX.
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-4 8 E2C2B3A3+27648 ED5-6912 ED4B2+ 4608 ED4C A -84816 ED3C2B + 128 ED3C2A2-1152 ED3CB2A +16272 ED2C4-6272 ED2C3BA +7680ED 2C2B3 +2952 EDC5A -32 ED2C2B2A2-1 9 2 0 EDC4B2-2 1 6 EDC4BA2+ 1408 EDC3B3A + 432 EC6B + 1 0 8 EC6A2-9 6 EC5B2A + 2 5 6 EC4B4+ 4 8 EC4B3A2-512 D4C3 -6 4 D3C4A + 1 2 8 D3C3B2+ 5 7 6 D2C5B + 1 6 D 2C4B2A + 7 2 DC6B A -1 2 8 DC5B3 -216 DC7-27 C8A -16 C6B3A.
I next proceed to show how the discriminant of the surface is expressed in terms of the fundamental invariants A, B, C, D. And it will throw some light on the investiga tion if I first give the solution of the corresponding problem for a ternary cubic expressed in the form axz-\-byz-\-czz-\-duz, where 0.
The following is a 
The Hessian:
It is obvious that the points x y, z u; the Hessian. The evectant of S, which Mr. Cayley calls the Pippian, is
from which form it can easily be deduced that the lines joining corresponding points on the Hessian touch the curve represented by this evectant, as do also the two lines into which the polar conic of any point on the Hessian breaks up.
The first evectant of T (called by Mr. Cayley the Quippian) is 2c2d2( a -b ) ( a -p y -2 d 2a b c (2 c i-(3 -'y )(2 (3 -y -u X 2y -c * -P )''
and the second evectant of T, that is to say the Heciprocant, is
To return now to the problem of finding the discriminant of this plane cubic. This is obtained by eliminating the variables between the three polar conics got by differen tiating the equation with regard to x, y , z respective
Each of these breaks up into factors: choosing any set of these factors, the resultant of the four factors comes out easily in the form of the determinant
W e are then to multiply together the eight results obtained by giving all possible variations of signs to the radicals, and the product will evidently he the same as the result of clearing of radicals the equation
s / b c d W c d a -\ -\ / d a b
0; that is to say,
Evidently then, by precisely the same process, the discriminant of the surface
is the result of clearing of radicals the equation
\/b c d e -\-\/ cd ea -\-\/ d ea b -\-\/ abcd=0;
and on performing the operation the result is found to be {A2-6 4 B } 2=16384{D +2A C } ; * where A, B, C, D are the fundamental invariants described above. It is evident, in like manner, that if it be required to find the result of elimination between three ternary quadrics, since we can write these functions in the form
, we can reduce these to the form ax2= Py2-yz2= hi2; that therefore, as before, the eliminant can be expressed as the result of clearing of radicals an equation of the form
and therefore, as Mr. Sylvester first pointed out, the eliminant is of the form T2= 6 4 S.
But in this case S is not a perfect cube, as it turns out in the problem of finding tli& discriminant of a cubic. In fact, in this case S is the product of the four determinants of the system a,
and therefore its vanishing expresses the condition that some one of the quadrics of the system X U +^U '+vU " shall be a perfect square; or geometrically, it expresses the con dition that it shall be possible, through the intersection of two conics of the system, to draw a conic having double contact with the third. In this case the Jacobian of the system breaks up into a right line and conic. But we cannot, in like manner, conclude that the result of elimination between four quaternary quadrics is expressible as the result of clearing of radicals the sum of five square roots, because the quadrics cannot in general be expressed as four functions each of the form ax2 + dif +
We proceed now, from the consideration of the invariants of a quaternary cubic, to that of its covariants. To the number of these, however, there is, as far as I am aware, no limit, and I must therefore confine myself to enumerating some of the simplest and most important. Of covariants of the first order in the variables, the following may be regarded as the four fundamental forms. There is no covariant of the first order in the variables and 35th in the coefficients which may not be expressed in terms of the preceding three and the fundamental invariants; but we have a fourth of the 43rd order, viz.
Every other covariant can be expressed in terms of these four. The resultant of these four covariants, that is to say, the condition that they shall represent four planes meet ing in a point, is the invariant F of the 100th degree already noticed. The cubic itself can be expressed as a function of L, IV, L", L"' having invariant coefficients, which expres sion M. H ermite calls the form-type of the function. I have not thought it worth while to undertake the labour of finding the actual values of the coefficients of the function so transformed.
The simplest linear contravariant is of the 13th degree, that of the 5th vanishing, as before mentioned. I t is
The coefficient of a in this is
A being the simplest invariant. The next linear contravariant is of the 21st degree, a4b4c4d 4e42 ( a -5 ) ( a -/3).
The next is of the 29th degree,
a5b5c5d5ê c d e ( a -b)(a-/3)
, and so on.
The simplest covariant quadric is of the 6th degree,
The next of the 14th degree,
which may also be written
The next of the 22nd degree, may most simply be written
That of the 30th is a6b6c6d6e6(x2 Jry < 1Jr z 2Jr u2Jr v2), and so on.
The contravariant quadrics are-10 th order; 18th order;
The covariant cubics are9th order; 17th order;
This last covariant is important, because we can immediately deduce from it, that the operation f ( f 2S + 5* T b + c 1 T c + d' ' 7d + e* l e ) 4 performed on any invariant or covariant of the cubic ax3+ by3+ cz3+ du3+ ev3 gives rise to a new invariant or covariant of the cubic, and of the degree sixteen higher in the coefficients. It is on this account that I think it enough to write down two cova riants of each degree in the variables.
The simplest contravariant of the third order is the evectant of the invariant A. which is of the seventh order in the coefficients. I t is
The next is of the fifteenth,
2a2b2c2d2e2(bcde)(a-b ) ( c i -y)(a-&)(a-s).
After the Hessian, the simplest covariant quartic is
We have already mentioned the simplest contravariant quartic, viz.
The reciprocant of the cubic is 64S3-T 2, where T is the contravariant sextic, The only covariant of higher order which we shall notice is that of the ninth order, which we shall call the covariant 0 , viz. the determinant, through the line xy and examining the terms in 0 , H, and <E >, which do not conta or y. I have already noticed * that the existence of these twenty-seven right lines may be deduced as a particular case of the following theorem, that on a surface of the wth degree there is a locus of points at each of which it is possible to draw a line to meet the surface in four consecutive points, this locus being the intersection of the given surface with a surface of the degree 11^-24. I gave the equation that is to say, F is the result of squaring the bordered Hessian, introducing differential symbols instead of the contravariant variables, and operating with the result on U. In the case of the cubic F evidently vanishes.
